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9 Calcul des noyaux de Volterra d’un systeme différentiel
@ Lois d’interconnexion (somme, produit, cascade)
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Interconnection laws: SUM

Computing

y(t) = Ti= fgran(tra)u(t—r1,)...u(t—1,)dr,.dr,
+ Yt Jgeba(Trn)u(t—1,)...u(t—1,)dr,..dz,

400
= r;/Rn[an(ﬁ:n)—i-bn(ﬁ;n)] u(t—rt,)...u(t—r,)dr,..dr,

Result: Equivalent kernels ¢,

cn(71:n) = an(v.n) + bn(71:n)

Laplace T.:  Cn(S1.n) = An(St:n) + Bn(S1:n)
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PRODUCT

Computing

y(t) = 22;01prap(etp)U(t*91)---U(t*9p)d91---d9p
X Ygo1 Jrabg(or.g)u(t —o,)...u(t - 6,)do, .do,
oo
_ ,,;/R[ y ap(etp)bq(atq)}u(tfew)...u(rfep)

p.g>1
pre=n U(t—o0,)...u(t—0c,)de,.d6,do, do,



PRODUCT

y(t) = X224 Jre@p(Or:p)u(t—6,)...u(t—6,)d6, d6,
X Ygo1 Jrabg(or.g)u(t —o,)...u(t - 6,)do, .do,

oo
= Z/]R”{ Z ap(91:p)bq(61:q)} u(t—o,)...u(t-a,)
=RE u(t—0,)...u(t—c,)ds,.d8, do, . do,

Result: Equivalent kernels cp,
Cn(t1:n) = 22;11 ap(71.p) bn—p(Tp+1:n)

Laplace T.: Cn(s1.n) = Zn;lAp(stp)Bn—p(sp-H;n)
P
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Interconnection laws: Sum, Product and Cascade

f(t) {an} y(t) f(1) y(t) f(t) y(t)
7 & {an}
{bn}

Equivalent transfer kernels Cj,

Sum: Cn(S‘]:n) = An(31n)+Bn(s1n)

n

y
Ap(S1.0)Bn—p(Sp+1:n)

Product: C,(S1.n) =
p=1

Cascade: Cn(S1.n) = An(S1.0) B1(S1.0)
(by: linear) with 81.,=81 + ...+ 8
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Interconnection laws: Sum, Product and Cascade

f(t) {an} y(t) f(1) y(t) f(t) y(t)
& & {an}—{bn}
{bn}

Equivalent transfer kernels Cj,

Sum: Cn(S‘]:n) = An(31n)+Bn(s1n)

n

y
Ap(S1.0)Bn—p(Sp+1:n)

Product: C,(S1.n) =
p=1

Cascade: Cn(S1.n) = An(S1.0) B1(S1.0)
(by: linear) with 81.,=81 + ...+ 8
n
Cascade: Cn(S‘]:n) S Z Z Ap1 (31 :p1). . .Apm(Sp1+ +pm4+1:n)
m=1 peM[
(general case) .Bm(s1 Dy e s Sput +pm4+1:n)

where M7 = {(p1,...,pm) € (N )" s.t. p1 + -+ pm = n}



Outline

9 Calcul des noyaux de Volterra d’'un systeme différentiel

@ Calcul algébrique de noyaux de transfert
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How to derive the Volterra kernels of a system .?

Goal: Find the Volterra kernels {hp} of (.#) where

U (&) ¥ =F(x,u)

Several methods are available...

X > 4y () | X

[Brockett,Isidori,Rugh,Boyd]

- = {hn}

Canceling system
output: w= 9 —F(x,u)

Interconnection laws gives the equations satisfied by {h,}.



Example: nonlinear spring

Equation (at rest before t=0)

mz”+az’+k1z+k2[z}2:f

f
—

{hn}




Example: nonlinear spring f_> {hn} _f

Canceling system

Equation (at rest before t=0) f—*|{h 1z ‘"n ez kg O
n 5 b =
-2 ke[z]? /
mz”+az/+k1z+k2[z]2:f

o




Example: nonlinear spring f_> {hn} _f

Equation (at rest before t=0) f—*|{h 1z ‘"n o mZ'+az'+kz O
n . op.
o

mz”+az/+k1z+k2[z]2_f

Canceling system

—f

e

Elementary blocks —  equivalent transfer kernels

d? d
md—tz‘kaa"‘lﬂ

ke[ P

%

%

%

Qi(s) = ms®+as+ky, Qu=0sin>2

interconnection “product” and x k»

—61 p=—1if n=1and -4y ,=0 otherwise



Example: nonlinear spring f_> {hn} _f

Equation (at rest before t=0) LA|{H}Z ‘ o |mHaztkz Q
n 1 o
P

mz”+az/+k1z+k2[z]2_f

Canceling system

—f

—81.1)

Elementary blocks —  equivalent transfer kernels

d? d
md—tz‘kaa"‘lﬂ

ke[ 12

%

%

%

Qi(s) = ms®+as+ky, Qu=0si n>2

interconnection “product” and x k»

—61 p=—1if n=1and —d; ,=0 otherwise



Example: nonlinear spring f_> {hn} _f

Canceling system

Equation (at rest before t=0) [l | mz'vaz'+ kz ()

[{HaEp= o]
L-LZF

Kernel of order n of the canceling system

Hn(51:0) Q1 (51:n)

mz”+az/+k1z+k2[z}2:f




Example: nonlinear spring f_> {hn} _f

Canceling system

Equation (at rest before t=0 mz'+az'+ kyz
q ( ) f I{H”}IZ } o } 12 0
Jkel2]?
Z//+az/+k12+k2[2]2:f

Kernel of order n of the canceling system

Hn(s1 n)Q1 (31 n)

ko Z Ho(s1.p)Hn—p(Sp+1:n)
p=



Example: nonlinear spring f_> {hn} _f

Canceling system

Equation (at rest before t=0) [l | mz'vaZ+kz Q

[{Ha e
LF"M

Kernel of order n of the canceling system

Hn(S1.0) Q1 (S1.n)
n—1

ko Z Ho(S1:p)Hn—p(Sp+1:n)
p=1

_51,n
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Example: nonlinear spring f_> {hn} _f

Canceling system

Equation (at rest before t=0) [l | mz'+aZ 1 kz 0

[{Ha e
L-Lzlz

Kernel of order n of the canceling system

Hn(51.0) Q1(51:n)
n—1
+ ko Y Hp(St:p)Hn p(Sps1:n)
p=1
+ =0, =0 — lineareq. w.r.t. Hy.

mz”+az/+k1z+k2[z}2:f




Kernels {Hp} of the system f_) {hn}|__%
General solution: equation (n>1)

orders < n

n—1

S1n—ke Z Ho(s1:p)Hn—p(Sp+1:n)

Hn(31:n): P~ Q1 (§1\)
:n

where Q;(s) = ms? + as+ k;



Kernels {Hp} of the system T [{h,}| 2

General solution: equation (n> 1)
orders < n
n—1
S1n—ke Z Ho(s1:p)Hn—p(Sp+1:n)
Hn(s1.p) = =
) Q1 (S1n)

where Q;(s) = ms? + as+ k;

First transfer kernels (n= 1,2, 3,etc)

Hi(s,) =1/Qi(s,), (second order AR filter)

Ho(s1:2) = —ko Hi(s1) Hi(s2) H1(51:2),

Hs(s1:3) = —ko [Ha(S1:2) H1(S3) + Hi(s1) Ha(s2:3)] Hi(51:3),

etc.
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@ Calcul des noyaux de Volterra d’'un systeme différentiel

@ Réalisation numérique
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Several methods are available... (realization theory in [Rugh])
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The Volterra transfer kernels of this system are all zero except
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How to simulate the system using these kernels?

Several methods are available... (realization theory in [Rugh])

Consider the following “elementary system”

u(t) [~ (order p only) C4 x(1)
_ By Xp(t) (linear)
- (order g only)

Equivalent system (using “product” & “cascade”)

The Volterra transfer kernels of this system are all zero except

Hp+q(S1:p+q) = Ap(S1:p) Bg(Sp+1:p+9) C1 (STan\q)

Recursively build a realization as a sum of such systems.
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Example: nonlinear spring

Transfer kernels

Ho(s1:2) = —ko Hi(s1) Hi(S2) Hi(51:2)

u(t) H,1z(1) [ Zaporox (D)

| (filter)
+
ko Hy |22(1) ‘
Lé (fil%er)1 -




Example: nonlinear spring

Transfer kernels

Hs(s1:3) = —ka [Ha(S1:2) H1(S3) + Hi(s1) Ha(s2:3)] Hi(51:3)
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+
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Example: nonlinear spring

Transfer kernels

Hs(s1:3) = —ka [Ha(S1:2) Hi(s3) + Hi(s1) Ha(s2:3)] Hi(51:3)

u(t) H, &) [ Zapprox(1)

— | (filte)
+
ko Hy |22(1) ‘
*é (fil%er)1 J\ >
%,

-




Example: nonlinear spring

Transfer kernels

Hs(s1:3) = —ka [Ha(S1:2) Hi(s3) + Hi(s1) Ha(s2:3)] Hi(51:3)

u(t) H,  121(1) [ Zaporox (D)

| (filter)
+
—To Hy 22(1) ‘
*é (fil%er)1 J\ =
X X2

o




Example: nonlinear spring

Transfer kernels

Hs(s1:3) = —ka [Ha(S1:2) Hi(s3) + Hi(s1) Ha(s2:3)] Hi(51:3)

u(t) H,1z1(1) [ Zapprox(t)

P

> (filter)
% ko H; | 22(D)
X (fiter)" u

< Dk, Hy | 28(1)
&Y (filter) -




Example: nonlinear spring

Transfer kernels

Hs(s1:3) = —ka [Ha(S1:2) Hi(s3) + Hi(s1) Ha(s2:3)] Hi(51:3)

u() 20

P

(] Zapprox(1)

> (filter)
—ko H-
) (flter)’

Zg(t)

—2 ko Hi

ZS(Q

+

=

(filter)

RESULT: The system is composed of sums, products

and

linear systems (filters) (— standard digital versions!)

Rk: if linear systems are stable, the system is stable!



Aliasing rejection in simulations

Product of signals

signal a(t) b(t) c(t) = a(t) b(t)

frequency range || (—fa,fa) | (=fb, ) || (—fa—fo. fa+ 1)




Aliasing rejection in simulations

Product of signals

signal a(t) b(t) c(t) = a(t) b(t)

frequency range || (—fa,fa) | (=fb, ) || (—fa—fo. fa+ 1)

Aliasing rejection
(Global sol.) Oversample the input/Downsample the output:
factor N for a VS truncated at order N.

(Local sol.) Idem with a factor 2 for each product of two
signals.
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Simulation in practice

@ Truncate the series to catch the first distortions
© Decompose the kernels into sums of elementary systems

© Build the corresponding structure composed of linear filters,
sums and products of signals

© Implement digital versions of the filters
© Add oversampler/downsampler (aliasing rejection)



In summary...

Derivation of the transfer kernels

@ Use the cancelling system and interconnection laws...

Q ... to transform the weakly nonlinear problem into a infinite
sequence of solvable linear equations

Simulation in practice

@ Truncate the series to catch the first distortions
© Decompose the kernels into sums of elementary systems

© Build the corresponding structure composed of linear filters,
sums and products of signals

© Implement digital versions of the filters
© Add oversampler/downsampler (aliasing rejection)

Possible generalization to Partial Differential Equations
Same principle (cf. Applications)
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